Galoitica Journal Of Mathematical Structures And Applications (GIMSA) 10l 02, No. 01, PP. 33-43, 2022

A Study in the Integral of Sine and Cosine Functions

Maissam Jdid"”, Fatima Al Suleiman’
Faculty of Informatics Engineering, Al-Sham Private University, Damascus, Syria
“Business Supervisor, Department of Mathematical, Faculty of Science, Damascus, Syria

Emails: m.j.foit@aspu.edu.sy; fatimasuliman2009@gmail.com

Abstract

Trigonometric functions are among the most widely used functions in many science fields, especially sine and
cosine functions because they are essential for periodic functions that describe sound and light waves in different
types and wavelengths. Therefore, researchers studied the integrals of sine and cosine functions in different forms of
the integrating function. In this paper, we spotlighted several most important yet under-studied integrals that are
poorly mentioned in Arabic and foreign textbooks and studies. In addition, we studied Integral of Sine and Cosine
for n as a positive rational number and concluded that each of these integrals leads to functional series. When
studying the convergence of these series using the D'Alembert ratio test, we found that these series are convergent
over the entire set of real numbers. This convergence is highly useful when applying such integrals in different
science fields.
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1. Introduction

The computation of integration has emerged because of the need to find a general way to assign spaces, sizes and
heavyweights. This method was used in its initial form by Archimedes, and developed regularly in the 17th century
by Cavallery, Torricelli, Verma, Pascal and other scientists, and in 1659 Barrow created the relationship between the
delimitation of the area and the designation of the tangent, after which Newton and Lipentz in the 1770s separated
this relationship from previous engineering issues. Therefore, the relationship between the integration and calculus
was found, a Newton and Lipentz and their students used this relationship to develop the methods of the integration
process. In addition to Euler's -work, which has a great credit for the integration calculation methods getting to
where they are now [1] In view of the great importance of the sine and the cosine in all domains of life, being
essential in the study of periodic functions that describe sound and light waves of various types and wavelengths.
New formulas had to be identified for both the sine and cosine, with a view to applying each of these formulas in a
different domain.

We mention some of the familiar formulas for both sine and cosine as shown in references [1-15]:

Ism dxj .........
sin? x smx

_[cos dx, j .........
cos? x4 cos x’
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+o0 +o0
In a very limited number of references, a study that defines the value of both integrations _[sin x2dx _[COS x2dx
0 0

«was presented, based on the integration of Euler--Boisson, and other references in which examples calculate the
specific calculus of the sine and the cosine of the power series([16], [17], [18]).

Research Objective:

+00 +00
To shed a light on a range of integrations used during the calculation of integrations '[COS x2dx Isin x2dx
using the Euler--Boisson method, as well as to explain the way in which value was obtained for integrators. Through

a b
examples, the method of calculating integrations jsin x2dx ICOS x2dx and has been clarified. [16], [17] [18]
a
To generalize the previous study, we studied the integration of the two sine and cosine functions in the case where
the integration is indefinite and the angle x is raised to exponent n therefore ICOS x"dx Isin x"dx, sothatnis a

positive relative number and we found that each of them is a power series ,When studying the convergence of these
sequences using D'Alembert Ratio Test , we found that they were converging on the whole set of real numbers. and
this convergence is very useful when using such integrations in applied fields.

2. Discussion
We begin by showing what previous studies of the two sine and cosine integrations have found.

+00 +o

1-Calculation of integrations ICOS x?dx and Isin x2dx from the following integrations: [16], [17]
0 0

Euler- -Boisson Integration

ﬁ

1) Te‘xz dx = 5
0

+00
2) Ie‘xysin xdx = y>0

2

1+y

5 T dx 7

1+ xt 2Jrx
View the method for

+00
| = Isin xZdx
We make a change in the variant, we impose:
d
y=X2=X= \/y:dx: L
2y

Substitute for integration:
¢sin
I 4 it (*)

We multlply the second part of the previous relationship with:
lime™ =1

k—0

We get:
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| = 1 J.efky —Sm y dy

25y

From the integration of Euler- Boisson we get:

400 )
e dx

1 2 I
Yy Vs
Substitute for integration:

_ T oyt o
\/_ !(I_I‘E J'dyz[e sin ydy

We rearrange integrations and replace:

je‘xysin Xdx = y>0

1+y?
We get:
+0o0 dx

J_I1+x

But:
T dx V4

21+xt 2Jx

= J'sin xzdx:l\/E
) 2\ 2

In the same way we get:

_[cosxzdx 1z
2\2

b
2- Calculation ofJ.COS x%dx and _[Siﬂ x%dX  Integrations: [18]

a a

We explain the method through the following example: calculate ICOS x%dx value for accuracy 0.001.
0

Based on the sine function in the power series we reach the desired. [4] <[5] <[11] <[12]

We have:

XZ X4 6 ( 1)

cosx=1- —+——
21 4 Z (2n)|
It is a series of converging forces over the group of real numbers, a radius approaching R = oo, and thus it is:
4 8 12 x4
cosxX=1-+—+——-——+..+(-1)"
21 4 6l (2n )l

35
Doi: https://doi.org/10.54216/GJMSA.020105
Received: March 22, 2022 Accepted: July 27, 2022



https://doi.org/10.54216/GJMSA.020105

Galoitica Journal Of Mathematical Structures And Applications (GIMSA) 10l 02, No. 01, PP. 33-43, 2022

4

Icosxzdx j(l——'+%—x—l et (-D)" @ n)' ...jdx

1

1 5 9 13

NG X
jcosxzdx_(x—— = J
0 0

10 216 13-6!

13

X
We neglect the limit 13.61 and the limits that follow, we get:

1 ) 1 1
jcosx dx =1-— +-—— ~0.905
5 10 216

a

In the same way, we calculate jsin x%dx  for any values of a and b.
b

Using the sine series in the following power series : [4], [5], [11], [12]:

SinX i ( 1) 2k+1:t_£+£_£+ _____
& (2k +1)! 3 5 7

In this research, we studied the unspecified integration of the two sine and cosine function when the angle of x
is up to n, where n is a positive relative number.

First: Sine Function Isin x"dx
1. Integration calculation Isin x2dx (n =2 even number)

To calculate integration |, = Isin x”dx We make a change in the variable:
dt
2t

Xzt x= \/—:>dx-

Substitute for integration:

_[sm x2dx = —I—smt dt——jt 2sint dt

Using the sin t sine series in the power chain:

S 1 2k+l
5|nx~z(2(k:1)I @)

Which is a close sequence on the set of real numbers and a radius that is close to R = co.

Substitute for integration:

73 11

j—— t5 t’ 1|2t2 2t2  2t2
=—|t ———+... dt == - + +
3 5 7 2| 3 7.3 11.5
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Thus:

te +
7-3 11-5!
We substitute t = x* we get:

3 7 11 15 0 k 4k+3
Isinxdez rox X X . Z (=D x
3 37 51 715 )T &2k +1)1(4k +3)

2. Integration calculation ISin x3dx (n = 3 odd number),

. . .3
To calculate integration |, = ISIn X“0X \we making a change in variable, we impose:

1
X =t=x=3t=t2

d  dt 1.7
dx =dt > dx=—=—==t3dt
3X = 3
3t3
Substitute for Integration
jsm x3dx_—j3|ntT J't sint dt
Benefiting relationship (1) we get:
t7
_ 3 —
B .[ (t | 51 7 )dt
18 18
_ j t3——t3 Zt3 —=t3 4——— (it
5! 7!
4 10 16 22
I3:1 §t3— 3 t3 + 3 t3 — 3 t3 +————
3 4 310 5116 722
4 10 16 22
JUSETE NP S NS N TS S
4 310 5116 722
We substitute t = X> we get:
. 1, as 1 1
sinx® == (x%)3 - 3 5 3+____
I 4( ) 3'10( ) 5'16( ) 7'22( )

jsinx3:1x4— Loy boye 1y
4 310 5'16 722

(6n+4)

Jsinx® zz 2n+1)' 6n+4)X
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3. Integration Isin x"dx ,To calculate integration |, = '[Sin x"dx We impose:

1-n

1
= 1 -
"—t=x=t=t" = dx==t " dt
n
1. &0
:Isin x”dx:—ft " sintdt
n
Benefiting relationship (1) we get:

2n+1 4n+1 6n+1
1 1 —

:_I ——t nopSt o St 4

ol I

By calculating integration and compensation for t and its equal we get:

I =1.LX”+1_1 1 x3”+1+1 1 ! 11 N
"1 on+1 3A3n+1 5 5n+1 71 Tn+1
) _ k
:>Isin XndXzZ & (kD)1

2k +1)![n(2k +1) +1]

It is a power series that its limits are known functions on the field (-o0, +o0), we study convergence using the
D’Alembert test. [1], [4], [5], [12] We take:

. (u
lim|—21 = q
k—oof U
k
We distinguish the following cases:
a. If: q < 1 sequence is close.
. g > 1 sequence is spaced.

c. g =1 Itis possible to be spaced or close.

_ |u | (2nk+n+1)‘x2"
lim|—= = lim
el U, | ko= (2k +3)(2K + 2)(2nk +3n +1)

:>I|m =0<1

k—o0

Uk
Thus, the sequence converges on the field (-0, +0).
Second: The Function of Cosine [ cos x™ dx

1. Integration calculation (n = 2 even numbers) ,Integration calculation J, = ICOS x%dx

We make a change in the variable.We impose
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1
x2=t= x=At =t2
1
oxdx = dt = dx = 9L~ Liz gt
24t 2

Substitute for integration

-1

1 dt 1, -
= | cos x’dx == | cost — == |t 2 cost dt
I 2.'. Jt 2.[

Using the function cost in the power series:

8

CoSt =

)

n=0

It is a close sequence on the set of real numbers and a radius that is close to R = «

Substitute for integration:

-1 3 7 1
‘Jz :lj(tz —ltz _|_£t2 _i

t2 +———)dt
2 2! 4 !
1 5 9 13
3=t Ltz 2 125, )
21 25 4 9 el 13
1 5 9 13
J2:(t2_£.£t2 +£.lt2_1.it2 4 )
2 5 4 9 6! 13

By substituting t = x* we get:

1

=) 2oy e L ooy L1

LT (X%)2

15 6! 13( ) )
1 x> 1 x* 1 xB

= (X Tt e T T )
25 4 9 o6l 13

j cOS X%dX =~ X + Z x (4D
(2k)I (4k +1)

2. Integration J, = ICOS x3dx calculation (n =3 odd number)

To calculate integration J, = ICOS x>dx
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We make a change in the variable, we impose:

X =t = X = if—t3
dt  dt 1.2

dx =dt > dx=—=—==t3dt
3X 3
3t3
Substitute for integration
d -2
J, = cosxsdx_— cost—— t 3 cost dt
oo e S -1

Using relationship (2)
J,=={t?(l-—+———+———)dt

10,2 1 5 1.2 1.2

IC - ot )t

1 7 13 1

33:_(_t3_£.§t3 +£.it3 _l.gt?» 4+ )
3'1 207 4 13 6! 19

115 115
413 619

By substituting t = Xx* we get:

1 7 13 19

11 - 11 - 1 1 =
J, = i 3 (N - () = ——
=((x°)° - a7 (X ) 2 3%~ ™) )

19
J _(X_l X_+£ X__l.x_+ _____ )

20 7 4 13 6' 19

o]

kZ (2k)' (6k +1)

.f cos x3dx ~ (Bk+1)

3. Integration J‘COS Xndx.

n
To calculate integration J n=— ICOS x"dx We make a change in the variable, we impose:
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1
"=t=x =Yt =t"
_ 1.0
dt=nx"Pdx=dx==t " dt
n
Substitute for integration
1

jcosx dx— =—j t0 cost dt

Using Relationship (2)

1-n 2 4 6
)
zljt n (_t_ t__t_+____)dt
21 4 el
—N 1-n 1-n
—) (7 2) (—+4) (—+6)
=—j (t n ——t A LG LY L Dy
41 6!

3n+l 5n+l

It”dt——jt”dt+ jt n dt——jt gt +———

19 1 2 1 4t 1 o

J_n__ no4 . no _ . tn

" 212n +1 4 4n+1 6! 6n+1

By substituting T = X" we get:

1 1 X2n+1 +£_ 1 X4n+1 _1. 1 X6n+1
S 22n+1 41 4n+1 6! 6n+1

~ S )k 2nk+1
" kZ I(2nk +1)X

1
J, =t"

It is a power series that its limits are known functions on the field (-o0, +o0), we study convergence using the
D’Alembert test. [1], [4], [5], [12] We take:

.U
lim|—L| = q
k—oo| U
k
We Distinguish the Following Cases:
a. If: q < 1 sequence is close.
b. g > 1 sequence is spaced.
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c. g =1 Itis possible to be spaced or close.

We came up with a functional sequence by studying its convergence according to the D’ Alembert test we find
that:

i Ykt | m| (2kp(2nk +1)x2eznst |
el U, | o] (2K + 2)1(2nk + 2n + 1) X2
_ (2nk + 1"
lim =0<1
k= (2K + 2)(2k +1)(2nk +2n +1)
. |u
lim | =0 <1
k—oo| U Kk
Thus, the sequence is close everywhere in R.
3. Conclusions and Recommendations:
a. In this research, we found mathematical formulas for the sine and the cosine functions, when the x angle is

raised to the exponent n, where n is a positive relative number, using the of each of the two functions in the power
chain, where these formulas can be used in the applied fields you use.
b. From the study in the research, we note that we can benefit from the change in the studied formula

LirTg e =1 to become a new formula that enables us to reach the desired.
—

c. Calculated values for the following integrations can be used:
+
Fe—xzdx _ ﬂ
0 2
T) dx =
0 1+ X4 2\/5

+00 1 T
jsin x2dx == |=
! 2\2
+00

jcosxzdx 1=
! 2\2

[1] Vigodski - Translation by Dr. Anton Youssef Mansour - Reference in High Mathematics - Mir
Publications- Moscow - 1975.

[2] D. Gebran Gebran-D. Maissam Jdid - General Mathematics 3 - Damascus University Publications - 2015.

[3] D. Ahmed Jallow - Business Supervisor Abdel Fattah Abbas — Calculus- Aleppo University - 2007.

[4] Walter Ruden - Translation By D. Abdul-Samiyah Abdel-Razak Al-Jannani - Principles Of Mathematical
Analysis - EI-Muntasser University, Baghdad, 2002.

References

42
Doi: https://doi.org/10.54216/GJMSA.020105
Received: March 22, 2022 Accepted: July 27, 2022



https://doi.org/10.54216/GJMSA.020105

Galoitica Journal Of Mathematical Structures And Applications (GIMSA) 10l 02, No. 01, PP. 33-43, 2022

[5] Teddy. Q. C. Levitt - Translation By A. D. Paul Simple Ruble - D. Magdi Mustafa Imam - D. Abdelatif
Younis Muhyi - Terminations And Communication In Calculus - International Publishing And Distribution
House - Cairo - 1989.

[6] D. Frank Ayers-D. Robert Muir - Translation By M. Said Faraj Iskander - Dr. Intissarat Mohammed
Hassan Al Haqqi - Triangle Account - International Cultural Investment House - Egypt — 2004

[7] Mathematical Analysis And Applications. Switzerland, Mdpi Ag, 2019.

[8] Zzakon, Elias, Mathematical Analysis. The Trillia Group, 2009.

[9] Zaidman, Samuel, Advanced Calculus-An Introduction To Mathematical Analysis. World Scientific
Publishing Company, 1997.

[10] VIadimir A.Zorich. Translator. Roger Cooke, Mathematical Analysis I. Burlington,Vermont,

[11]Usa, 2004.

[12] Thomas Calculus. International Edition —Pearson, 2013.

[13] Ter-Krikorov, Aleksandr Murtynovich, Shabounnin Mikhailovich - Kurmathematical Analysis —

[14] Ter_Krikorov A.M_ Shabunin M.N Of Mathematical Analysis_Bin. Laboratory Of Knowledge 2015

[15] Y. G.Reshetnyak - Kursk Calculus Analysis 1 - Institute Of Mathematics Co Ron_1999

[16]L. D. Kudryavtsev _ Short Course Of Mathematical Analysis Of Tom1_Fizmatlite 2015

[17] A. M. Ter_ Cricorov, M. I. Shabunin Of Mathematical Analysis Laboratory Of Knowledge
Vases_Moscow -2003

[18] Vladimir A. Zorich. Translator. Roger Cooke - Mathematical Analysis li - Burlington, Vermont - Usa -
2003

[19] N. E. Zhukovsky And Y. A. Gagarin - Mathematical Analysis Of Examples And Problems _Vunz.
Bbc_201

43
Doi: https://doi.org/10.54216/GJMSA.020105
Received: March 22, 2022 Accepted: July 27, 2022



https://doi.org/10.54216/GJMSA.020105

