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Abstract 

Trigonometric functions are among the most widely used functions in many science fields, especially sine and 

cosine functions because they are essential for periodic functions that describe sound and light waves in different 

types and wavelengths. Therefore, researchers studied the integrals of sine and cosine functions in different forms of 

the integrating function. In this paper, we spotlighted several most important yet under-studied integrals that are 

poorly mentioned in Arabic and foreign textbooks and studies. In addition, we studied Integral of Sine and Cosine 

for n as a positive rational number and concluded that each of these integrals leads to functional series. When 

studying the convergence of these series using the D'Alembert ratio test, we found that these series are convergent 

over the entire set of real numbers. This convergence is highly useful when applying such integrals in different 

science fields.  
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1. Introduction 

The computation of integration has emerged because of the need to find a general way to assign spaces, sizes and 

heavyweights. This method was used in its initial form by Archimedes, and developed regularly in the 17th century 

by Cavallery, Torricelli, Verma, Pascal and other scientists, and in 1659 Barrow created the relationship between the 

delimitation of the area and the designation of the tangent, after which Newton and Lipentz in the 1770s separated 

this relationship from previous engineering issues. Therefore, the relationship between the integration and calculus 

was found, a Newton and Lipentz and their students used this relationship to develop the methods of the integration 

process. In addition to Euler's -work, which has a great credit for the integration calculation methods getting to 

where they are now [1] In view of the great importance of the sine and the cosine in all domains of life, being 

essential in the study of periodic functions that describe sound and light waves of various types and wavelengths. 

New formulas had to be identified for both the sine and cosine, with a view to applying each of these formulas in a 

different domain. 

We mention some of the familiar formulas for both sine and cosine as shown in references [1-15]: 
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In a very limited number of references, a study that defines the value of both integrations 


0

2sin dxx  


0

2cos dxx

،was presented, based on the integration of Euler--Boisson, and other references in which examples calculate the 

specific calculus of the sine and the cosine of the power series([16], [17], [18]). 

Research Objective: 

To shed a light on a range of integrations used during the calculation of integrations 


0

2cos dxx   


0

2sin dxx  

using the Euler--Boisson method, as well as to explain the way in which value was obtained for integrators. Through 

examples, the method of calculating integrations 
a

b

dxx 2sin  
b

a

dxx2cos and  has been clarified. [16], [17] [18]  

To generalize the previous study, we studied the integration of the two sine and cosine functions in the case where 

the integration is indefinite and the angle x is raised to exponent n therefore  dxxncos   dxxnsin , so that n is a 

positive relative number and we found that each of them is a power series ,When studying the convergence of these 

sequences using D'Alembert Ratio Test , we found that they were converging on the whole set of real numbers. and 

this convergence is very useful when using such integrations in applied fields. 

 

2. Discussion 

We begin by showing what previous studies of the two sine and cosine integrations have found. 

1-Calculation of integrations 


0

2cos dxx   and 


0

2sin dxx  from the following integrations: [16], [17] 

Euler- -Boisson Integration 

 

1) 
2

0

2 




 dxe x
 

2) 
2

0
1

1
sin

y
xdxe xy







     y > 0 

3) 




21
0

4





x

dx
 

View the method for 





0

2sin dxxI  

We make a change in the variant, we impose: 

y = x2 x = y  dx = 
y

dy

2
 

Substitute for integration: 

  


0

sin

2

1
dy

y

y
I  

We multiply the second part of the previous relationship with: 

1lim
0





ky

k
e  

We get: 
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I = 




0

sin

2

1
dy

y

y
e ky

 

From the integration of Euler- Boisson we get: 





0

221
dxe

y

x


 

 

 

Substitute for integration: 

I = 







0

)(

0
0

sinlim
1 2

ydyedy xky

k
 

 

We rearrange integrations and replace: 

0;
1

1
sin

2

0







 y
y

xdxe xy

 
We get: 

I = 



0

41

1

x

dx


 

 

But: 





21
0

4





x

dx
 

 

I = 
22

1
sin

0

2 




dxx  

 

In the same way we get: 

22

1
cos

0

2 




dxx  

2- Calculation of 
b

a

dxx2cos  and 
b

a

dxx 2sin   Integrations: [18] 

We explain the method through the following example: calculate 
1

0

2cos dxx  value for accuracy 0.001. 

Based on the sine function in the power series  we reach the desired. [4] ،[5] ،[11] ،[12] 

We have: 

cos x = 1 - ...
!6!4!2

642


xxx

 = 






0

2

)!2(

)1(

n

n
n

x
n

 

 

It is a series of converging forces over the group of real numbers, a radius approaching R = , and thus it is: 

cos x
2
 = 1 - ...

)!2(
)1(...

!6!4!2

41284


n

xxxx n
n
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 









1

0

412841

0

2 ...
)!2(

)1(...
!6!4!2

1cos dx
n

xxxx
dxx

n
n

 

1

0

13951

0

2 ...
!61321610

cos 












xxx
xdxx  

 

We neglect the limit
!613

13



x
 and the limits that follow, we get: 

905.0
216

1

10

1
1dxxcos

1

0

2 
 

 

In the same way, we calculate 
a

b

dxx 2sin   for any values of a and b. 

Using the sine series in the following power series : [4], [5], [11], [12]: 













!7!5!3)!12(

)1(
sin

753

0

12 ttt
tt

k
x

k

k
k

 

 

In this research, we studied the unspecified integration of the two sine and cosine function when the angle of x 

is up to n, where n is a positive relative number. 

First: Sine Function  dxxnsin  

1. Integration calculation  dxx2sin  (n = 2 even number) , 

To calculate integration  dxxI 2

2 sin  We make a change in the variable: 

X
2  

= t  x = t  dx = 
t

dt

2
 

 

Substitute for integration: 




dttt sin
2

1
2

1

=  dtt
t

dxxI sin
1

2

1
sin 2

2 

Using the sin t sine series in the power chain: 

  1
)!12(

)1(
sin

0

12











k

k
k

t
k

x 

 

Which is a close sequence on the set of real numbers and a radius that is close to R = . 

Substitute for integration: 

 






















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!511

2
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2

3

2

2

1 2

11

2
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2

3
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 
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
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Thus: 

2

15

2

11

2

7

2

3

2
!715

1

!511

1

!37

1

3

1
ttttI










 
 

We substitute 
2xt   we get: 































0

34151173
2

)34()!12(

)1(
...

15!711!57!33
sin

k

kk

kk

xxxxx
dxx

 

2. Integration calculation  dxx3sin   (n = 3 odd number), 

To calculate integration  dxxI 3

3 sin  We making a change in variable, we impose: 

dtt

t

dt

x

dt
dxdtdxx

ttxtx

3

2

3

22

2

3

1

33

3

1

3
3

3







 
Substitute for Integration 

dttt
t

dt
tdxxI sin

3

1
sin

3

1
sin 3

2

3

3

3 




 
Benefiting relationship (1) we get: 

 

dt
ttt

ttI )
!7!5!3

(
3

1 753

3

2

3  


 

dtttttI  












 3

19

3

13

3

7

3

1

3
!7

1

!5

1

!3

1

3

1
 























 3

22

3

16

3

10

3

4

3
22!7

3

16!5

3

10!3

3

4

3

3

1
ttttI 










 3

22

3

16

3

10

3

4

3
22!7

1

16!5

1

10!3

1

4

1
ttttI 

 

We substitute 
3xt   we get:  










 3

22

33

16

33

10

33

4

33 )(
22!7

1
)(

16!5

1
)(

10!3

1
)(

4

1
sin xxxxx 

 











22161043

22!7

1

16!5

1

10!3

1

4

1
sin xxxxx 

 
   

 46

0

3

46!12

1
sin 





 


 n

n

n

x
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3. Integration  dxxnsin ,To calculate integration  dxxI n

n sin  We impose: 

dtt
n

dxttxtx n

n

nnn





11
1

 




 tdtt
n

dxxI n

n

n

n sin
1

sin

1

 

Benefiting relationship (1) we get: 

 
















dttttt
n

I n

n

n

n

n

n

n
n ....

!7

1

!5

1

!3

11
1614121

 

By calculating integration and compensation for t and its equal we get: 

 

...x
1n7

1

!7

1 1n7 


 
 

15131

15

1

!5

1

13

1

!3

1

1

1

!1

1 








 nnn

n x
n

x
n

x
n

I 

 


 












0

1)12(

1)12()!12(

)1(
sin

k

kn
k

n x
knk

dxx 

 

It is a power series that its limits are known functions on the field (-, +), we study convergence using the 

D’Alembert test. [1], [4], [5], [12] We take: 

q
u

u

k

k

k




1lim  

We distinguish the following cases: 

a. If: q < 1 sequence is close. 

b. q > 1 sequence is spaced. 

c. q = 1 It is possible to be spaced or close. 

)132)(22)(32(

)12(
limlim

2

1










 nnkkk

xnnk

u

u
n

k
k

k

k
 

 10
u

u
lim

k

1k

k



 

Thus, the sequence converges on the field (-, +). 

 

Second: The Function of Cosine ∫         

 

1. Integration calculation (n = 2 even numbers) ,Integration calculation  dxxJ 2

2 cos  

We make a change in the variable.We impose 
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dtt
t

dt
dxdtxdx

ttxtx

2

1

2

1

2

2

1

2
2






 

Substitute for integration 

dttt
t

dt
tdxxJ cos

2

1
cos

2

1
cos 2

1

2

2 


 

 

Using the function cost in the power series: 

 

 
 

 2
!2

1
cos 2

0

n

n

n

t
n

t 





  

It is a close sequence on the set of real numbers and a radius that is close to R = . 

 

Substitute for integration: 

dtttttJ )
!6

1

!4

1

!2

1
(

2

1
2

11

2

7

2

3

2

1

2  


 

)
13

2

!6

1

9

2

!4

1

5

2

!2

1

1

2
(

2

1
2

13

2

9

2

5

2

1

2  ttttJ 

)
13

1

!6

1

9

1

!4

1

5

1

!2

1
( 2

13

2

9

2

5

2

1

2  ttttJ 

 

 

By substituting 
2xt   we get: 

 ))(
13

1

!6

1
)(

9

1

!4

1
)(

5

1

!2

1
)(( 2

13

22

9

22

5

22

1

2

2  xxxxJ 

)
13!6

1

9!4

1

5!2

1
(

1395

2 
xxx

xJ 

 

  )14(

1

2

)14()!2(

1
cos 





 


 k

k

k

x
kk

xdxx  

 

2. Integration   dxxJ 3

3 cos calculation (n = 3 odd number) 

To calculate integration  dxxJ 3

3 cos  
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We make a change in the variable, we impose: 

dtt

t

dt

x

dt
dxdtdxx

ttxtx

3

2

3

22

2

3

1

33

3

1

3
3

3







 

Substitute for integration 

dttt
t

dt
tdxxJ cos

3

1
cos

3

1
cos 3

2

3

3

3 


 

Using relationship (2) 

 dt
ttt

tJ )
!6!4!2

1(
3

1 642

3

2

3  


 

dtttttJ )
!6

1

!4

1

!2

1
(

3

1
3

16

3

10

3

4

3

2

3  


 

)
19

3

!6

1

13

3

!4

1

7

3

!2

1

1

3
(

3

1
3

19

3

13

3

7

3

1

3  ttttJ 

)
19

1

!6

1

13

1

!4

1

7

1

!2

1
( 3

19

3

13

3

7

3

1

3  ttttJ 

 

By substituting 
3xt   we get: 

  

))(
19

1

!6

1
)(

13

1

!4

1
)(

7

1

!2

1
)(( 3

19

33

13

33

7

33

1

3

3  xxxxJ 

)
19!6

1

13!4

1

7!2

1
(

19137

3 
xxx

xJ 

  )16(

1

3

)16()!2(

1
cos 





 


 k

k

k

x
kk

xdxx 

3. Integration  dxxncos . 

To calculate integration  dxxJ n

n cos  We make a change in the variable, we impose: 
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Substitute for integration 
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Using Relationship (2) 
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By  substituting  
nxt  we get: 
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
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n x
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It is a power series that its limits are known functions on the field (-, +), we study convergence using the 

D’Alembert test. [1], [4], [5], [12] We take: 

q
u

u

k

k

k




1lim  

We Distinguish the Following Cases: 

a. If: q < 1 sequence is close. 

b. q > 1 sequence is spaced. 
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c. q = 1 It is possible to be spaced or close. 

We came up with a functional sequence  by studying its convergence according to the D’Alembert test we find 

that: 

   
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u

u
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k

1k

k

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Thus, the sequence is close everywhere in R. 

 

3. Conclusions and Recommendations: 

a. In this research, we found mathematical formulas for the sine and the cosine functions, when the x angle is 

raised to the exponent n, where n is a positive relative number, using the of each of the two functions in the power 

chain, where these formulas can be used in the applied fields you use. 

b. From the study in the research, we note that we can benefit from the change in the studied formula 

1lim
0





kx

k
e  to become a new formula that enables us to reach the desired. 

c. Calculated values for the following integrations can be used: 

  

2
e

0

dxx2 





 

22x1

dx
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22

1
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2 

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22

1
dxxcos
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2 



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